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x x (mod 3) 
0 0 
1 1 
2 2 
3 0 
4 1 
5 2 
6 0 

 

Modular Arithmetic 

Modular arithmetic was developed by Euler and then Gauss in the late 18th 
century and Gauss published a famous paper on it in 1801. 

It is also called Clock Arithmetic. 

It has been used encrypt messages (coding) and is now an important part of 
internet encryption. 

 

Here is how it works: 

The answer is the remainder when it is divided by the modulo number. 

The modulo number is called the modulus. 

For example 11 (mod 3)=2 since the remainder of 11 ÷ 3 is 2 

(3 is the modulus) 

Here are some more examples of mod 3 in a 
table: 

 

Take a few minutes to get used to the modulo 
function by practising with these (notice that a 
special equals sign ≡ is used) 
 
11 (mod 5) ≡ ____ 21 (mod 2) ≡ ____ 

14 (mod 6) ≡ ____ 19 (mod 4) ≡ ____ 31 (mod 9) ≡ ____ 

15 (mod 8) ≡ ____ 12 (mod 3) ≡ ____ 91 (mod 7) ≡ ____  

 
The modulo function can be used with an operation such as adding or 
multiplication. 

Example 

3 + 8 ≡ 1 mod 5 (because 11 ÷ 5 has a remainder of 1) 

Practice 

13 +18 ≡ ___ mod 5  21 + 8 ≡ ___ mod 9 3 + 110 ≡ ___ mod 110 

6 × 8 ≡ ___ mod 5 7 × 8 ≡ ___ mod 3 3 × 111 ≡ ___ mod 111 

 

 

Why is it called clock arithmetic? 
Add 7 hours to 8 o'clock and you get 15 o'clock which we call 3 o'clock. 

Mathematicians would write 7 + 8 ≡ 3 mod 12 

If you use the 24 hour clock then you use a modulus of 24 
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Sets   

Before we look at groups we need to understand sets. 
Mathematicians use the word set to describe any collection of numbers. 

For example:  

 The set of even numbers {2, 4, 6, 8, 10, ………} 

 The set of odd numbers {1, 3, 5, 7, 9, …………} 

 The set of integers {……-4, -3, -2, -1, 0, 1, 2, 3, ……} 

The numbers in the sets are called elements. 
Sets are shown as a series of numbers within curly brackets. 

 
Groups  
When a set is used with an operation (like adding or multiplying), and it obeys 
certain rules, it is called a group. 

It must have the following properties: 

 There must be an identity element. 

 The set must be closed under the operation. 

 There must be an inverse for every element 

 

Identity element 
The identity element in a set leaves the other number unchanged with respect 
to the operation.  

It's easier to understand this with a couple of examples: 

When you start with the set of integers and you choose the operation of 
addition, zero is the identity element because when you add zero to any 
number (including itself) then it doesn't change.   

6 + 0 = 6 0 is the identity element of the integers with respect to addition. 

When you look at the set of odd numbers and choose multiplication then 1 is 
the identity element because any number multiplied by 1 remains unchanged. 

171 × 1 = 171 

1 is the identity element of the odd numbers with respect to multiplication. 

The set of even numbers cannot be a group under addition or subtraction 
because it has no identity element. 
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Closed   

Again it's easier just to give an example rather than explain. 

When you add two even numbers together you get an even number. This 
means that all the answers are elements of the set. 

We say that the set of even numbers is closed under addition. 

When you add two odd numbers together you get an even number which is not 
an element of the original set. Therefore, the set of odd numbers is not closed 
under addition. 

 

Inverse 

When you operate on an element with its inverse you get the identity element. 

Example 

0 is the identity element of the set of integers under addition 

3 + -3 = 0 so -3 is the inverse of 3 and 3 is the inverse of -3. 

 
Modular arithmetic and groups  

Complete the tables below and decide which one is a group. Check with your 
teacher to see whether you are correct. 

 

Set {0, 1, 2, 3} under addition 
modulo 4 

 

 0 1 2 3 

0    3 

1  2   

2     

3  0   

 

Identity element = ___ 

Inverse of 3 = ____ 

Is it closed? ____ 

Does every element have an 
inverse? _____ 

Is it a group? _____ 

Set {1, 2, 3, 4} under multiplication 
modulo 4 

 

 1 2 3 4 

1    0 

2  0   

3   1  

4     

 

Identity element = ___ 

Inverse of 3 = ____ 

Is it closed? ____ 

Does every element have an 
inverse? _____ 

Is it a group? _____ 
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Special Groups   
Complete this two way table to confirm that the set {1, 3, 5, 7} under 
multiplication modulo 8 is a group. 

 1 3 5 7 

1     

3     

5     

7     

 

Identity element = ___  Is it closed? ____ 

Does every element have an inverse? _____ 

Is it a group? _____ 

Inverse of 1 = __ Inverse of 3 = __ Inverse of 5 = __ Inverse of 7 = __ 

 

Describe what is special about this group. ___________________________ 

_____________________________________________________________ 

This type of group is called a Kline-4 group. 

 

Investigation 

Find more Kline-4 groups.  

You must use sets of four positive integers under modular multiplication. 

Each element must be its own inverse. 

 

Work logically 

CLUE: Start with modulo 16 

Describe properties with exact mathematical language. 

By the end of the investigation you should have found out what properties the 
numbers in the set have and how they are related to the modulus. 

 

CLUE: You have to consider square numbers. 
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Geometry Groups   
 
 
 
 
 
 
 
 
 
 
 
Imagine that you have two transformations: 

 X Reflect in the x axis 

 O Do nothing 

Put them in a set:  { O, X } 

If you reflect in the X axis and then do nothing it's the same as reflecting in 
the X axis. We can use this notation: X♦O→X 

If you reflect in the x axis and then reflect in the x axis again it is the same as 
doing nothing. X♦X→O 

If we fill in a two way table for this we can see that this set of transformations 
is a group. 

 O X 

O O X 

X X O 

 
 
The identity element is O, the set is closed and both elements have an inverse. 
Here is another group of transformations. Find the missing transformation T. 
 

 O Do nothing 

 X Reflect in the x axis 

 Y Reflect in the y axis 

 T ________________

 O X Y T 

O     

X     

Y     

T     

 

Which number set and operation is this similar to? 

 



© 2012 The Maths Zone 6 

Investigation 1   

Choose sets of transformations from this list and find out which sets are 
groups by completing two way tables and identifying identity elements, 
inverses and whether the set is closed. 

Which groups are Klein groups? 

X Reflect in the x axis 

Y Reflect in the y axis 

La Reflect in the line y = x 

Lb Reflect in the line y = -x 

R90 Rotate 90° clockwise about the origin. 

R180 Rotate 180° clockwise about the origin. 

R270 Rotate 270° clockwise about the origin. 

O Do nothing 

 

Start by looking at sets of four transformations and then extend your 
investigation to larger sets. 

 

 
Part 2 

Complete the group {0, 1, 2, 3} under addition modulo 4 

 

 0 1 2 3 

0     

1     

2     

3     

 

This is not a Kline-4 group. It is called a Cyclic group or C4 because each row is 
equal to the previous row with the first number placed at the end of the row. 

Every group of 4 elements is either a Kline-4 group or a cyclic group 

Which groups of transformations were cyclic? 

Identify or find a group of four transformations that is cyclic. 
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Defining Symmetries with groups   

A regular pentagon has rotational symmetry of order 5. 

 

 

 

 

 

 

The following transformations all leave the shape appear unchanged: 

O Do nothing 

Ra Rotate 72° clockwise 

Rb Rotate 144° clockwise 

Rc Rotate 216° clockwise 

Rd Rotate 288° clockwise 

 

Show that this set of operations is a group. 

      

      

      

      

      

      

 

What type of group is this: __________________ 

 

 

 

Further work on groups: 

http://nrich.maths.org/public/viewer.php?obj_id=2680 

 

 

 

http://nrich.maths.org/public/viewer.php?obj_id=2680

